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The Kronecker coefficients

. . (1) 3 (2 (k)
For k irreducible S,, characters xy* x*  ---x* we set
AL\ (2) A (k)
CAM A@) A0 = .
b;+2b2z+---+nb,=n b
where for b = 1P12b2...nPn
zp, = 1P12P2...nP» bylbyl- - by!

Fundamental Problems:
1 Give efficient algorithms
2 Find combinatorial interpretation (such as the LR rule)

3 Find generating functions for families of Kronecker coefficients



The Kronecker Product

The Kronecker Product of the Schur functions

i
mvfﬁv“myﬁwv“...umyﬁn: AV/AV _IHHV
is defined as
AL 2\ (2) A (k)
MU Xb Xb " Xb b1 b bn

bi+2bz+---+nb,=n
It follows from the orthogonality of the power sums that for all 1 <i <k
Oyﬁv“yﬁmﬁ:;y?v = AMV,AS koooee 3k mycv , myc+5 koooee 3k mv,cav

as well as

CAM A@) A0 = AmyE ¥+ % Sya0 m?vv



A challenging question

(Wallach) From quantum computing:

Construct the generating function

Wi(q) = M&aAmab*mah*:.%mah , S24) k>2

d>o0

( the term in the scalar product has k factors)

Easy answers

1
- d _ d __
Wa(a) = M@_ Amahvmahv - MQ  1—q
d>o0 d>0
1
Wa(a) = 3 a¥(Saa*Saa,Saa) = > al = ;-

d>0 d even



A first non-trivial result

Mike Zabrocki using symmetric function identities and Jeff Remmel

using combinatorial trickery were able to show that

Theorem
Saa*Saa(®x) = D Sa(x) + > Ssx) (%)
a2d pF2d
a with 4 even parts >0 B with 4 odd parts
Since

(Sd,a *Sd,d * Sa,d *Sd.d , S2a) = (Sd,a*Sd.d, Sd.a*Sd,d)

from (*) we derive that

Wa(a) = > q“l’? + >

aF2d gF2d
o with 4 even parts >0 B8 with 4 odd parts
This gives
1+ g2 1
éﬁmﬁv = =

(1-q)(1-ag?)(1—-q®)(1—q?) (1-q)(1—-q2)2(1—-q3)



The next challenge: Computing Ws(q)

any guesses ?
Wait and see

It is a fascinating story



Guessing the answer

If Y49 denotes the Young irreducible character of the symmetric group Sagq,
then for k > 2 factors we have

1
(Sd,d *Sdda* - *Sad, S2a) = ca(k) = 2d)! M x4 ()" ()
| aES24

We want
Wsl@) = 1+ ca(5)q™.

Symmetric function machinery quickly yields the first few terms of this series.

But note that for d = 20 the definition requires working with S50 and since
40! = 815915283247897734345611269596115894272000000000

Some trickery is necessary here.



Proceeding by the naive approach

Using available symmetric function (MAPLE) packages we get

Ws(q) =1+ 5q% + q° + 36q* + 15q° + 228q° + 231q" + 1313q® + 1939q° + 6971q*°+
11899q*! + 331182 + 59543q'2 + 140620q'* + 254476q*° + 538042q¢+
959028q'" + 1871808q'® + 3258512q'? 4 5981444q2° + - .-

Wallach: “not enough ”
Using new formulas for S,, characters (from joint work with Alain Goupil) we
obtained 7 more coeflicients

... +10140360q>! + 17726166q%2 + 292578483+
49127549q** + 79032258q>°+128267727q*° + 201437596q>" + - - -

Wallach: “Very impressive but not enough, we need 52 coefficients to predict Ws(q)! ”

Me: “forget it! ”
104! =1029901674514562762384858386476504428305377245499907218232549177688787173

247528717454270987168388800323596570414163837769517974197917558872
4736000000000000000000000000



The Miracle

One morning Wallach wakes up to the realization that using fancy Lie Group
trickery he could compute coefficients of W5(q) way beyond d = 27. After several hours
of computer time the needed 52 coefficients were obtained and Wallacch was able to

construct a rational expression for Wj(q).
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trickery he could compute coefficients of W5(q) way beyond d = 27. After several hours
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Combinatorial interpretation?



Working Towards a Proof
A truly surprising identity

Theorem
If

L, (1 —a)
Emm:vw_ (1 —da [lies )

— M M M M m Iy r2 rr
- U OEMH.HgH.NV...“H.W Q. m.”_. N—.N ...m.w

N.HNO H.NWO %WNO ENO

F(aj,az,...,ax;q) =

then
OEWH.HHM“.:HW — AMEIH.HHH * mglwm%m ORI MEIECH.W 3 mgv v m N NENNAH.H“ rs,... UH.WV

In particular

C2d:d,d,..d = (Sda,d *Sa,a*--*Sda, S2a)

Thus the desired series Wi (q) is obtained by selecting the terms where

m=2d, r;=d, ro=d, ....,rpy=d,



Selecting a subseries

Proposition
If

. J— m r r r
H.A@.Hum.wu...mﬂw“&v| M M ” M ” M ”OEWH.HH?.:HWQ NHHQNM...NWW

%HNO HNNO H.WNO ENO

then

-2
M C2d:d.d,...d o._ = _.uAmH , Qg u..;mw ' q mpmm.:mwv

Proof

F(a;?a5?,--- ,ap 2.q ajay---ay) =

m_m-—2r; _m-—2ro m—2ry
M M MHO_BES“ e 4 A ag Ty

r;>0 r2>0 re>0

QED



Kronecker Products and Constant terms identities

Recalling that

k
—— AH — m:v
”_m_JAW“_Lm.M“. .“mw_nmﬁmv — =1
I |1-a]la
SC[1,k] ieS

we derive that

—2 2 —2. _ _
H.AN.H yAg Ay 5 WHM..N...N.WV - =




Kronecker Products and Constant terms identities

Recalling that

k
—,—y AH o mfv
H_m_JAW”_Lm.M“ ..., Ak; Qv — i=1
—— HIQ——P
SCJ[1,K] ics

we derive that

-2 _—2 -2, o B
H.AN.H yAg A 1 WHN.N...N.WV = _

We can thus state

Theorem
< 1
(1)
Wi(q?) = (Sa.a*Sdda*- - *Saa, S2a) @®¢ = i—1 i
WW T (1 qllies®) | o
Q. :mmm m.m 172 k



Some Remarkable Diophantine Systems

A general Problem

Determine all possible ways to assign > 0 integral weights to the vertices of the
k-dimensional hypercube so that each hyperface has the same weight.

Example k = 2 (see attached figure) we must have

Poo + Po1 = Pi1o+ P11
Poo + P10 = DPo1i t+ P11

O—®

In simpler notation we want all compositions p = (p1, p2, P3, P4a) Which are solu-

tions of

P1+pP2—pP3—pa = 0
S2= |
P1—P2+pP3—pa = 0

Here “all solutions” means the generating function

P3 . Pa
GFs,(x1,X2,X3,X4) M XH xw X5° X},
PES2



MacMahon “Partition Analysis”

To solve the system

P1+tP2 —pP3—pa = 0
S = : (with  p; > 0)

P1—P2 +pP3—pa = 0 B



MacMahon “Partition Analysis”

To solve the system
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S = : (with  p; > 0)
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we construct the corresponding “Omega Function”

_ P1,P2_P3_Pa P1+P2 — P3—Pa P1—P2 + P3—Pa
Qs, = M M M M X7 Xo Xo X, Ay as

P1>0p2>0p3>0ps>0
1 1 1 1

1-— X1aiads 1-— NNQH\NN 1— Nwmw\mu 1— N%\QHQN
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MacMahon “Partition Analysis”

To solve the system

P1+tP2 —pP3—pa = 0
S = : (with  p; > 0)

P1—P2 +pP3—pa = 0 B

we construct the corresponding “Omega Function”

_ P1,P2_P3_Pa P1+P2 — P3—Pa P1—P2 + P3—Pa
Qs, = M M M M X7 Xo Xo X, Ay as

P1>0p2>0p3>0ps>0
1 1 1 1

1-— X1aiads 1-— NNQH\NN 1— Nwmw\mu 1— N%\QHQN

and then
Qq“—”drm.m AVﬁHu X2,X3, unmhv — m.wrm.

0.0
a;a,

Hm_.

In particular

1

Qu—mﬂwm AQ“ q,q, Qv — MU Qﬁul_.mum._l@w._'ﬁp — : :
PES2 Fb H o Q ieS ai WWWW
[Ligs ai

SC[1,2]




The Diophantine System for k=3

Equating the weights of opposite faces gives

Pooo + Poo1 + Poio + Poi1 = Pioo + Pio1 +P110o + P111
Pooo + Poo1 + P1oo + Pi1o1 = Po1o + Po1i1 +P110 + P111
Pooo + Poi1o + P1oo + P110 = Poo1 + Poi1 + P1o1 + P111
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The Diophantine System for k=3

Equating the weights of opposite faces gives

Pooo + Poo1 + Poio + Poi1 = Pioo + Pio1 +P110o + P111
Pooo + Poo1 + P1oo + Pi1o1 = Po1o + Po1i1 +P110 + P111
Pooo + Poi1o + P1oo + P110 = Poo1 + Poi1 + P1o1 + P111

and we get the system

Pooo + Poo1 + Po1o + Poi1 — Pioo — P1io1 — Pi1o — P111 = O
S3 = || Pooo + Poo1 — Poio — Poi1 + P1oo + P1io1 — P1i1o —P111 = O
Pooo — Poo1 + Poio — Po11 + P1oo — Pio1 + P11o —P111 = O

or in simpler notation

P1+P2+P3+Ps—Ps—Ps—Pr—PpPs = 0
S3 = ||[pr+P2—P3s—Pa+Ps+pPs—pPr—pPs = 0
P1—P2+P3—Pa+P5—Pes+Pr—pPs = 0



q-Counting by “total weight” for k=3

Applying MacMahon Partition analysis to the system

P1+P2+P3+Psa—P5 —Pes—P7r—Ps =
S3 = ||[P1+P2—P3—P4+Ps+P6—P7—Ps =
P1—P2+P3—Pa+P5—Pet+Pr—Ps =



q-Counting by “total weight” for k=3

Applying MacMahon Partition analysis to the system

P1 +tP2+P3+Pa—P5s—Pes—P7r—Ps = 0
S3 = Pi1+P2—P3—Psa+P5+P6s—P7r—Ps = 0
P1—P2+P3—Pa+P5s —Ps+P7r—Ps = 0

we obtain that

QH.J%w AQV — M QGH+UN+Uw+ﬁp+Um+Um+ﬁq+Um
PES3

— M M M QE+E+E+E+E+?+?+§ mwp+vu+cw+f|vmlglvq|vm X

p1>0p2>0 ps=>0

P1+P2—P3—Pa+P5+P6—P7—Ps8. P1—P2+P3—Pa+P5—Pe+P7—Ps
X ag ag

=O

a

NO
o
wo



q-Counting by “total weight” for k=3

Applying MacMahon Partition analysis to the system

P1 +tP2+P3+Pa—P5s—Pes—P7r—Ps = 0
S3 = Pi1+P2—P3—Psa+P5+P6s—P7r—Ps = 0
P1—P2+P3—Pa+P5s —Ps+P7r—Ps = 0

we obtain that

QH.J,m.w AQV — M QGH+UN+Uw+ﬁp+Um+Um+ﬁq+Um
pPES3

— M M M QE+E+E+E+E+?+?+§ mwp+vu+cw+f|vmlglvq|vm X

p1>0p2>0 ps=>0

P1+P2—P3—Pa+P5+P6—P7—Ps8. P1—P2+P3—Pa+P5—Pe+P7—Ps
X ag ag

=O

and summing the series we get

GFs,(q) = I A Em|mmv 0200

SC[1,2,3]




Combinatorics of Venn Diagrams of 3 sets

Three subsets of cardinality d of a set B of cardinality 2d R

Let
Pooo = |[A1 NA2NA3|, poor =|A1NA3NAS|,

Poio = [A1 NASNA3|, poi1 = |A1 NASNAS| %’

Pioo = |[Af N A2 NA3g|, pio1 = |[Af N A2 NAS],

Pi11o0 — TPM 3>m N >w_ , P111 = TPM 3>m 3>m_



Combinatorics of Venn Diagrams of 3 sets

Three subsets of cardinality d of a set B of cardinality 2d R

Let
Pooo = TPH N Az D>w_ Poo1 = TPH NAsNAS _

s (N
P1oo = [AT NA2NAz|, pio1 = [ATN A2 NAZ],

P11o = TPMD&PMD.}w_ , P111 — TPO 3>o NASg _
Same Diophantine System!

|A1| = Pooo + Poo1 + Po1o + Po11 = |AJ| = P1oo + P1io1 + P110o + P111
|A2| = pPooo + Poo1 + P1oo + P1o1 = |AS| = Poio + Po11 + P110o + P111
|As| = Pooo + Po1o + P1oo + P110 = |AS| = Poo1 + Po11 + P1o1 + P111



Some Representation Theory

(1) The action of So; on the d subsets A of a 2d set B is equivalent to the action of
Saq 0N the left cosets of the Young subgroup S; x Sj.
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Some Representation Theory

(1) The action of So; on the d subsets A of a 2d set B is equivalent to the action of
Saq 0N the left cosets of the Young subgroup S; x Sj.

(2) Thus the Frobenius charateristic of this action is the symmetric function hghqg

(3) It follows then that the Frobenius characteristic of the action of S,q on triplets
(A1, Az, A3) of d-subsets of B is the given by the Kronecher product

:QTQ * TQTQ * TQTQ
(4) In particular we see that the scalar product
ATQTQ * TQTQ * TQTQ 5 mwn_v AV_AV

gives the number of occurrences of the trivial representation under this action and
thus it also gives the number of distinct orbits.
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Some Representation Theory

The action of S,; on the d subsets A of a 2d set B is equivalent to the action of
Saq 0N the left cosets of the Young subgroup S; x Sj.

Thus the Frobenius charateristic of this action is the symmetric function hghqg

It follows then that the Frobenius characteristic of the action of S,q on triplets
(A1, Az, A3) of d-subsets of B is the given by the Kronecher product

:QTQ * TQTQ * TQTQ
In particular we see that the scalar product
ATQTQ * TQTQ * TQTQ 5 mwn_v AV_AV

gives the number of occurrences of the trivial representation under this action and
thus it also gives the number of distinct orbits.

The orbit of a triplet (A1, A2, A3) is completely characterised by the cardinalities
A1NA2NAsl, [A;NANAS|l, |[A1NASNAs|, |A;iNASNAS

IASN AN As|, [ASNANAS|, [ASNASNA;|, |[ASNASNAS



(1)

(2)
(3)

(4)

(5)

(6)

Some Representation Theory

The action of S,; on the d subsets A of a 2d set B is equivalent to the action of
Saq 0N the left cosets of the Young subgroup S; x Sj.

Thus the Frobenius charateristic of this action is the symmetric function hghqg

It follows then that the Frobenius characteristic of the action of S,q on triplets
(A1, Az, A3) of d-subsets of B is the given by the Kronecher product

:QTQ * TQTQ * TQTQ
In particular we see that the scalar product
ATQTQ * TQTQ * TQTQ 5 mwn_v AV_AV

gives the number of occurrences of the trivial representation under this action and
thus it also gives the number of distinct orbits.
The orbit of a triplet (A1, A2, A3) is completely characterised by the cardinalities
A1NAsNAs|l, |[A1NANAS|, |[A1NASNA;|, |[ANASNAS
IASN AN As|, [ASNANAS|, [ASNASNA;|, |[ASNASNAS

In conclusion the Kronecker coefficient in (*) is equal to the number of solutions
of the Diophantine system

|A1| = Pooo + Poo1 + Po1o + Po11 = d |AS| = P1oo + P10o1 + P110 + P111 =d
|A2| = Pooo + Poo1 + P1oo + Pio1 =d, |As| = Pooo + Poio + P1oo + P110 = d
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Kronecker coefficients and Diophantine systems.

The results we obtained for k = 3 establish a connection between solutions of

our Diophantine problem and the Representation Theory of S,,. The general result is:
Theorem

Denoting by aq(k) the number of ways of placing integral weights on the vertices
of the hypercube so that each hyperface has weight d we have

aqg(k) = ﬁpara * hqhg * - - - * hqhg , mNav (k  factors)

Moreover we have

=O

m. .

d>0 — 1_ @Emmm A a

~ o

SC[1.K] Eh.mm a;
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Kronecker coefficients and Diophantine systems.

The results we obtained for k = 3 establish a connection between solutions of
our Diophantine problem and the Representation Theory of S,,. The general result is:

Theorem

Denoting by aq(k) the number of ways of placing integral weights on the vertices
of the hypercube so that each hyperface has weight d we have

aqg(k) = ﬁpara * hqhg * - - - * hqhg , mNav (k  factors)

Moreover we have

MU NQAWV QNQ _ 1

d>0 — 1_ Q_Emmm aj a%a2-.a

SC[1.K] Eh.mm a;
Recall that we proved that if

calk) = Amah *Sd.d* - *Sdd , mmav (k  factors)

then

d>o0 —— 1_ szmm aj a%a2.-a

Notice the similarity?



Closely related Diophantine Systems

e Three subsets A;, A5, A3z of a set B of cardinality 2d with
AP Al =d+1, |[Az|=d+1, |[As]=4d.

e This gives
99 A1 — [Af[ =2, |Az| — |A5|=2, [As| - |A§[=0

With the previous notation the new Diophantine system is

P1+P2+P3+Psa—Ps5s—P6—P7r—Ps = 2
Si = ||p1+P2—P3—Ps+Ps+Ps—Pr—Ps = 2
P1—P2+P3—Pa+P5 —P6+P7r—Ps = 0

and we obtain that

QH‘JMM AQV — M QUH+UN+Uw+Up+Um+Um+U.\+Um
PESs

— M M M va+ﬁm+ﬁm+_§+ﬁm+ﬁm+vq+~um mwp+ﬁm+vw+vplﬁmlvmlvqlﬁmIw X

p1->0p2>0 ps>0

P1+tP2—P3—P4a+P5+P6—P7—Ps —2 _P1—P2+P3—P4a+P5—Pe+P7—Ps
X ay ag

=O

asa

wo

Summing

2

QH.,%M (@) = 2 T a;
11 AH|a|mM|v afagag

_lrmm aj

SC[1,2,3]
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gives the number of occurrences of the trivial representation under this action and
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More Representation Theory

The action of So; on the d+1 subsets A of a set B of cardinality 2d set is equivalent
to the action of S.q on the left cosets of the Young subgroup S; 1 x Si_1.

Thus the Frobenius charateristic of this action is the symmetric function hqy1hgq_,

It follows then that the Frobenius characteristic of the action of S,q on triplets
TPHu.}MukPwv with _>H_ =d+ 1, _>N_ =d+1 and TPw_ = d Is the %\}\QB \u.v\ the
Kronecher product

hgii1hg_1 *hgi1hg_1 xhghg
In particular we see that the scalar product
a4(2,2,0) = (hqt1hga_1*haiihqa_q1 *hghg, S2q) (%)

gives the number of occurrences of the trivial representation under this action and
thus it also gives the number of distinct orbits.

(5) From this it follows that

1 1
"2 .2
Y aq(2,2,0)¢2¢ = 1%
d>o0 M— 1 Q_lrmm aj a%a2---a0
SC[1.k] [jgs 2
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How do we compute these constant terms
Available Tools by hand:

(a) Some of MacMahon’s auxiliary identities

1 1
l1-xal—y/a

1
a0 1 —xy

1 1 1
l-xal—yal—w/a

1 1 1
l1-xal—y/al—w/a
1 1 1 1

1
a© (1 —xw)

(1 -
1
a0 (1—xy)(1 —xw)

1 —xywz

l1-xal—yal—w/al—z/a la° (1—-—xw)(1—x2z)(1—yw)(1—yz)

(b) The more general partial fraction algorithm of Guoce Xin

Available Tools by Computer:
(a) The “Omega” MATHEMATICA pagkage of Andrews et all
(b) The “Partial Fraction” MAPLE package of Guoce Xin

(Guoce Xin >>>>>>> Andrews et all)
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Purely Combinatorially by hand

Say
P1t+tP2 —pP3—pa = 0
Sy = __ Adﬁﬁw pPi = Ov
P1—P2 +pP3—pa = 0

Set
e = min(pi,pa), f = min(pz,ps)
and note that
(e,f,fe) € Sy
SO
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all impossible

Solution

e f _f_e 1 1

GFgs,(x1,X2,X3,X4) = MU quxmxwx» (T —xixg)(1 —x2x3) AH - Bv AH - Dv

e>0f>0
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AO“OQHUOuOuH—.vaOV Aououov”—.vH“O“D“Ov



Working by hand
Note that the system

P1 +tP2+P3+Pa—P5—Pe—P7r—Ps = 0
S3 = Pi1+P2—P3—Psa+P5+Ps—P7r—Ps = 0
P1—P2+P3—Pa+P5s —DPs+P7r—Ps = 0

has the following obvious solutions

(1,0,0,0,0,0,0,1) (0,1,0,0,0,0,1,0)
AO“OQHUOuOuH—.vaOV Aououov”—.vH“O“D“Ov

So we set e =min(py,ps), f=min(pz,p7r), g=min(ps,ps), h=min(ps, ps),



Working by hand
Note that the system

P1 +tP2+P3+Pa—P5—Pe—P7r—Ps = 0
S3 = Pi1+P2—P3—Psa+P5+Ps—P7r—Ps = 0
P1—P2+P3—Pa+P5s —DPs+P7r—Ps = 0

has the following obvious solutions

(1,0,0,0,0,0,0,1) (0,1,0,0,0,0,1,0)
AO“OQHUOuOuH—.vaOV Aououov”—.vH“O“D“Ov

So we set e = min(p1,ps), f = min(p2,p7), g = min(ps,ps), h = min(p4,ps),
and we are reduced to determine the solutions

AC“_Lngcwvghggm“—\-mu;ﬂusmv - AHVHQHVN“muwvmuhgmum“ﬁmvmuﬂumumv - va m.u g, ru ”—Hv g, m.“ @v



Working by hand
Note that the system

P1 +tP2+P3+Pa—P5—Pe—P7r—Ps = 0
S3 = Pi1+P2—P3—Psa+P5+Ps—P7r—Ps = 0
P1—P2+P3—Pa+P5s —DPs+P7r—Ps = 0

has the following obvious solutions

(1,0,0,0,0,0,0,1) (0,1,0,0,0,0,1,0)
AO“OQHUOUOuH—.vaOV Aououov”—.vH“O“D“Ov

So we set e = min(p1,ps), f = min(p2,p7), g = min(ps,ps), h = min(p4,ps),
and we are reduced to determine the solutions

AC“_Lgmvngghggm“—\-mu;ﬂugmv - AHVHQHVM“muwvmuhgmum“ﬁmvmuﬂumumv - va m.u g, ru ”—H“ g, m.“ @v

This proves

GFs,(x1,X2,...,Xg) = x (something)




Determining the asymmetric solutions

The differences

A;HuH—Nugwu;hu.ﬂmu;@u:ﬂung - A”_U“_.umuwuHuwgmu%umumumumumuﬂumumv - Amv ﬁ.u g, ru w\wu g, m.u @v
have the property that

ujug = OW UgU7 = OW UgUg = OW UgUug = 0.

The support of one of these solutions could, in principle, be given by any one of 24 = 16

patterns:

(x,x,x%,x%,0,0,0,0), (0,x,%,x,0,0,0,%x), (x,0,%,%,0,0,%,0), (0,0,%x,x%,0,0,%,X) ,
(x,%x,0,x%,0,%,0,0), (0,%,0,%,0,x,0,x), (x,0,0,%,0,%,x,0), (0,0,0,%x,0,x,X%,X) ,
(x,x,x,0,%x,0,0,0), (0,x,%,0,x,0,0,x), (x,0,%,0,%,0,x,0), (0,0,x,0,x%,0,%,X) ,
(x,x,0,0,x%,%,0,0), (0,x,0,0,%x,%x,0,%x), (x,0,0,0,%x,%,x,0), (0,0,0,0,%x,x,X,X) ,

However, all but two of these patterns can be the support of a solution, namely
(0,x,%,0,x,0,0,x) and (x,0,0,x,0,x,x%,0)

This proves the identity

X1X4XeX7 X2X3X5X8 v
— ”_. I_l = I_I

(something) = (1 + +
1 — x1X4XgX7 1 — xX2X3X5Xg




A Venn diagram view of the 14 excluded patterns

Here a black dot in a subset represents an assignment of an in
the cardinality of that subset. Remarkably, all but two of these i

V- VR Y-
OOOC

8

@)@

"/



Connections with Invariant Theory

If
a1 0 | a2 0
A1 = T H\m; and Az = T H\mL
then
a]az 0 0 0
. 0 QN\NH 0 0
Ar®A2 = | 0 ai/az 0
0 0 0 1/ajaz
More generally given k matrices
_la 0 | a2 0 E: " 0
?l? H\m;v >N|T H\va Q>M|T H\mL
then
AlRA®® - @A, = &mm_ Llies
E_mmm: SC[1,k]

Don’t you find these eigenvalues somewhat familiar?



MacMahon strikes again

It follows from Moliens Theorem that the Hilbert series of the ring of invariants
of the group
Gk = {A1RA20® - ® Ax}

02
b

with a; = el a; = €12, ... a) = €% is the rational function

Fa(q) = Awwvw \omﬂ\oma...\omﬂ —— AH H£_|rmmm:v do,db, - - - dby

[Ligs ai

SC[1.k]

But we can easily see that this is same as

1
F _
QAQV Emmm a; o
SC[1,k] igs ™
This should not be surprising since, for instance the monomials xJ*x5? ---x§® that are

invariant under the group (g3 are precisely those for which

@TUNU...UU@V € Ss



The final (Schur function) surprise

In the same vein, we may ask for the Hilbert series of the group
H, = {A1®A3® ---® Ak : A; € SU[2]}

In this case Moliens theorem gives that the Hilbert Series of the corresponding ring of

invariants is (here again a; = e!%1,a; = e!%2, ... ay = el%))

k

o = ol ol Il A:v L1 (sin?(@0) -

i=1
ILigs i

SC[1,k]

and is easily seen that upon making the substitution

mmsmﬁmmv _ 1-— OOmAN%mv _ -9
2 2

that this is the same as




THE SAGA IS TILL CONTINUING

with Diophantine systems

and constant term identities galore!



